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Basic Framework

Basic Framework |
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Diagram of the system
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Figure: Forest of two layers
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Diagram of the system
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Figure: Forest of two layers. Dashed lines show the layers
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Basic Framewor Model framework

Definition

T € (0,1]: Density(Cover) of the 1st layer
B € (0,1]: Density(Cover) of the 2nd layer

Basic framework

dT
i f(T, B, parameters)
dB
e 9(T, B, parameters)

A Dynamic Model of Two-layered Forest March 25, 2025 6/35



Model framework

Lotka-Volterra model

dT
— =rrT—=pBpr-B-T
dt
dB
——=rg-B-Prp-T-B
dt —.— ——
Growth Death
A Dynamic Model of Two-layered Forest March 25, 2025 7/35




Basic Framework Model framework

Considering the following process:
e Growth of T is influenced by B, the light conditions in the B-layer (Ip);
@ Death of T related to T" and light condition in T-layer (I7).
e Growth of B is influenced by S(T', B), the light conditions in the S-layer (Ig);
@ Death of B related to B and light condition in B-layer (Ip).

Model framework

dT
i Growth(T, B, Ig) — Death(T, Ir)

dB
T Growth(B, S(T, B), Is) — Growth(T', B, Ig) — Death(B, Ip)
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Dynamic Model of Two-layered Forest

Dynamic Model of Two-layered Forest J
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Dynamic Model of T

ayered Forest
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Figure: Diagram of parameters and process
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Dynamic Model of Two-layered Forest Light intensity

Definition

Iy: Total light intensity in unit area (Ip € (0,1]);
Ir,Ip,Ig: Light intensity in layer T', layer B and ground layer.

Ir =1 (2)
Ig=1Ir-(1—aT) (3)
Is=1Ip-(1—ayB) (4)

where aq, ay are light absorption coefficient, given Iy (Here we set a1 = 0.9, ag = 0.5).
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Dynamic Model of Two-layered Forest Reproduction and Growth

Transition between layers

Model framework

T
C(th = Growth(T, B, Ip) — Death(T, I7)

B
%t — Growth(B, S(T,, B), Is) — Growth(T, B, I;;) — Death(B, I)

The function Growthr (B, T, Ip) represent the transition speed from B-layer to T-layer,
influenced by light intensity 7. Similarly, Growthg(S(T, B), B, Is) represents the transition
speed from seeds to the B-layer, influenced by light intensity Ig.
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Dynamic Model of T yered Forest Reproduction and Growth

Growth-T

GI’OWthT(B,T7 IB) =B- w(IB) . (1 — T)

where
w(Ip) is the transition rate from B to T with light intensity Ip;
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Dynamic Model of Two-layered Forest [Nt aatel RENT Mefe )}

Lo 1.0
B-T transition kernel
0.8 1
wo — Wi
w(IB) =7 1005 —cp) + w1 (5) §0.6
g 0.4
where wg and wy are the maxmum and
minimum limit of the rate (here set 021
wo = 0.5,w; = 0.05), cg = 0.5 is the center of 00 . , : : ;
0.0 0.2 0.4 0.6 0.8 1.0
change. Light
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Dynamic Model of ered Forest Reproduction and Growth

Growth-B

Growth(S(T, B), B, Is) = S(T, B) - u(Ig) - (1 — B)

where
w(Ig) is the transition rate from seeds to B with light intensity Ig.

Definition
S(T, B): the density of seeds.
Here we set:

S=Ir-T+1g-B
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Dynamic Model of Two-layered Forest Reproduction and Growth

1.0
S-B transition kernel
0.8 1
2.1
e -1 0.6 1
p(ls) = —7—— 7 2
( ) 62.15 + 1 ( ) €
0.4 1
0.2 1
The transition from seed to B-layer increases
. . . . 0.0 f T T T T T
with light intensity of the ground. 0.0 0.2 0.4 0.6 0.8 1.0
Light
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Light competition-induced death

Dynamic Model of T

Light competition in same layer

Model framework

= Growth(T, B, Ig) — Death(T', I7)

ar
d¢
dB
i Growth(B, S(T, B), Is) — Growth(T, B, Ig) — Death(B, I5)

For the decline of layers, Deathy = T' - Dr(I7), Deathg = B - Dp(Ip), where Dy and Dp
represent the effect of light.
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red Forest Light competition-induced death

For function Dy, linear function is enough,

also, sigmoid kernel could be used.

1.0
— B
——— T-linear
_DT =1- IT (8) 0.8 1 T-sigmoid
1 0.6 -
(or, Dy = W) _ 3
But for Dp, to ensure that B has higher 0.4 1
tolerance to light limitation and the death rate o
remains [0, 1], sigmoid function is necessary. '
0.0 T T T T T T
1 0.0 0.2 0.4 0.6 0.8 1.0
Dp Light

T 1+ ¢10(5—0.25) (9)
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IDIYGERIICH VG SN MR N REIEE  Light competition-induced death

Full model

Full Model

% =B-w(p)-(1-T)—T-Dyr(Ir)
(10)

%5’ — S¢rp) - #(Is) - (1— B) = B-w(Ip)- (1 —T) — B- Dp(Ip)
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Simulation and Analysis

Simulation and Analysis J
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1=0.7

t S S S S ]
| VST ]
\ S
\ J S ]
081 \ J S ]
\ / S ]
\ / S ]
0.6 \ s
N\ s
- N //
N\ /7
N\ / Vs T T T
0.4 4\ Ve e T TSSOSO NN
N NN NN NN
NONNNNNN S
SONNOOONNNNNNN Y [/ /]
0.2 FOONNNNNNNN VN /S A
B O O N S R N Y
N N N U St NG N N N\ e
N N G G G — / \ N
ST RN

0.2 0.4 0.6 0.8
B

~ Longxiao.Chang@campus.Imu.de | A Dynamic Model of Two-layered Forest March 25, 2025 23/35



0.8

0.6 1

0.4

0.2 4

1=0.52

e e e e e it aa——a—

A==

1

S
S S
S ]
VO PO
S ]
S ]
S i ]
S ]
e ]
S T e aaaa—a—a—a—a—|
S e
i
P ]
b
e

s
/7
s
/S
/S
/
/
/7

NN N
NN

—— ]

]

NS SS OSSNSO

\
\

S E S e
e T T TN NSNS NN
e N N NSNS NN NN NN
e N N NN N NN N NN N NN
N NINNONONUNNONNNNNINNNNNY
AR DR R R NN

\

RSO N

N ]
| N ]

~
\\\}}}}}\\\\\\\\\\\\\
5 .

.2 0.4 0.6 0.8
B

A Dynamic Model of Two-layered Forest

March 25, 2025

24/35



Simulation and Analysis [EEGEIVSH

Edge condition

dT
—_— =B- w(Io) >0
dt |7—g
dT
— =—-Dr(lp) <0
t |y r(lo)
dB
— =5 nes 0
& |y (r0) - 1#(Is) >
dB
—_ :—(W(IB)-(l—T>+DB(IB))<O
dt |5,
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Simulation and Analysis [ALEIVES

Equilibrium state

. dT dB
Equation(10), i 0, i 0=

0=DB"-wp) (1-T" —T* Dp(Iy) (11)
0=2Srp  wls) (1-B")-B"-w(p) (1-T") - B"-Dp(Ip) (12)

T*(1 — I)
=B"'=————~ 13
w(Ip)(1—T%) (13)

= B*,T"
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Simulation and Analysis [ALEIVES

Stability with numerical solution

For given Iy € [0, 1], calculate B*,T*. Then compute the Jacob matrix of the equilibrium
state.

EAC AR
T= ) @ (b

~ o

Calculate the eigen value (A1, A2) of matrix J. (B*,T%) is stable only if R()\;) <0
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Simulation and Analysis [ALEIVES

1.0 4

Stable

Unstable
0.8 A

0.6

0.4 4

T equilibrium

0.2 A

0.0 4

0.4 0.5 0.6 0.7 0.8 0.9 1.0

Figure: System stability change along Iy, here shows the cover of top layer. The system exhibits
bistability over the interval ~ (0.8,0.95).
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Simulation and Analysis Analysis

Approximation of stability

Notice that equation (13) depends on the function (5), which can be approximated by a

piecewise function:

wg, Ip<0.5
wi, Ip>0.5

(5):>wz{

same to which, function(9) can be approximated by:

1—2I5, Ip<05

9) = Dp~
9= Do {0, Ip > 0.5
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oA SRR

IB < 0.5
« _ T*(1-1Ip)
B* = o5t=19) = T (1)
Sw.pyls)(1 = B¥) = T*(1 — Ip) + B*(1 — 2Ip)
Iz > 0.5

B* — Lr(-lo)
0.05(1—1+) L T ()
S(T,B)/«‘(IS)(l — B*) = T*(l — IO)
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Simulation and Analysis [ALEIVES

I(1—a T*(I)) < 0.5 = 1_
I(1—aiTE(D)) < 0.5 = I

Then bistability maintains approximately in region (I_, ;)
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Further work |
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Further work

Further work

@ Further review the literature and incorporate real-world data to determine the parameter
range of the model.

@ Test the model's sensitivity to parameters, identify key parameters, and determine the
parameter space for bistability.

@ Approximate and simplify the model, attempt to derive an analytical solution, and
conduct further analytical analysis.

o Constrain the parameter space based on life-history trade-offs and analyze the system'’s
dynamical characteristics.

@ Introduce a diffusion term and simulate the system in a spatial domain with a light
gradient.
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